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Fig. 1 Surface pressure comparison for 10% thick parabolic arc at
sweep 200.

It is useful to examine how the present algorithm fits into
the scheme of existing methods. For example, Taylor ex-
pansion of the hyperbolic difference form of the usual in-
viscid equation leads to a differential equation that locally
behaves like the VTE, the truncation error term being similar
to the viscous diffusion term. (A fully conservative, mixed
differencing scheme, including parabolic and shock-point
forms of the equation, is given by Murman.*) All of these
forms can be expanded in Taylor series and can be shown to
produce a term analogous to the viscous diffusion term in the
truncation error, except that the elliptic and parabolic
operators can be regarded as having a zero viscosity coef-
ficient to within second-order accuracy. The key difference
between these and the present method is the manner in which
diffusion is added to the inviscid equation: a positive ¢ is used
-everywhere, which formally eliminates the need for mixed
differencing. (Thus, one difference formula only is used along
a row.) In the numerical work, e is chosen at convenience, for
stability reasons. (This does not affect the magnitude of the
required jumps, although it does affect the shock thickness
obtained.) In this sense, the viscosity is an artificial one,
although, as noted, the VTE itself is obtainable through a
formal limiting procedure applied to the full viscous
equations. The foregoing nonlinear algebraic equations,
arranged sequentially with 7, are now solved by Newton’s
iteration with quadratic convergence. The corresponding
derivative matrix can be shown to contain one upper
codiagonal resting on a lower triangular matrix, with all
matrix elements being nonzero. Thus, rapid triangularization
is possible, choosing as pivots the successive elements of the
upper diagonal, followed by the usual solution by direct
elimination. The latest updated values of W are always used in
the relaxation procedure, the computations are initialized
with W=0, and, in the results that follow, we assume that
Uj=e,;=W, =0.

max.) — ¥Pijmax

Sample Calculations

Calculations carried out for a symmetrical, nonlifting,
supercritical 10% thick parabolic arc airfoil are compared
with some results of Martin.? Twenty uniform grids were
assumed over the airfoil and ten for each direction off the
airfoil. These off-airfoil horizontal spacings were stretched by
a factor of 1.2 each successive grid. Twenty vertical grids were
taken. The first two were 2% of chord, and the remainder
were stretched by the same 1.2 factor. This resulted in an
approximate 4 x 3 chord computation box. For y=1.4 and
7=0.05, three values of M, were considered: 0.825, 0.850,
and 0.875, which correspond, respectively, to K=1.696,
1.417, and 1.151. The assumed viscosity was 0.0175
throughout, and values of the surface pressure coefficient
were obtained by second-order differences.

The calculations were performed on the CDC 7600, and
convergence was achieved after 200-250 sweeps of the
flowfield. (In some cases, the computations were carried out
to 1000 iterations, with only 2-3% fluctuations in surface C,
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values.) Figure 1 shows the good qualitative agreement
achieved. Numerical experiments showed that increased
values of viscosity tended to ‘‘smear’’ the resulting shocks, as
expected. The time required per sweep in the relaxation
procedure was 0.066 seconds (this is seven times faster than
the original algorithm?) and is approximately independent of
sweep number. The present method also requires only half as
many sweeps for convergence, possibly because W is a
smoother dependent variable. The shape of the C, curve and
the shock position appeared to be well established by the
150th sweep.

Summary and Conclusions

The scheme presented in this Note introduces artificial
viscosity everywhere and formally eliminates the need for
mixed differencing. (This idea was first given independently in
Ref. 5.) The small disturbance equation used has the form of
the VTE, although artifically large values of the viscosity are
needed for numerical stability; thus, the computed results,
with e=O(h), are only first-order accurate for the inviscid
solution. Also, because of the large resulting matrices, the
method is not as efficient as current methods. )
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Notes on the Flow Near a Wall
and Dividing Streamline Intersection

B. S. Dandapat* and A. S. Guptat
Indian Institute of Technology, Kharagpur, India

HE flow of an incompressible viscous fluid with

negligible inertia forces near a corner between two plane
boundaries was discussed by Moffatt.! It is found that, when
either or both of the boundaries is rigid and the corner angle is
less than a critical value, the flow consists of a sequence of
eddies of decreasing size and rapidly decreasing intensity as
the corner is approached. Detailed investigations of two-
dimensional corner flow also were made by Lugt and
Schwiderski.?
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Fig. 1 Flow near a divid-
ing streamline.

2

Batchelor,® on the other hand, gave a solution for the
Stokes flow in the neighborhood of a point of zero tangential
stress at a plane rigid boundary (Fig. 1). In his solution, the
dividing streamline that emanates from 0 (the point of zero
friction) makes, with the wall, a given angle 8,, although
Batchelor did not discuss how this angle was to be deter-
mined. Schubert* attempted to determine this angle by using
the conditions of zero velocity normal to the dividing
streamline § =6, along with the continuity of tangential and
normal stress on =0, and no-slip conditions on =0 and
6 =w. However, the normal stress condition used by Schubert
is in error, and his entire analysis is therefore of doubtful
validity. The aim of this Note is to give a correct solution to
this problem and deduce Batchelor’s solution as a very special
case. The configuration of the present problem arises in
several interesting flows. The motion of a viscous fluid over
an obstacle lying on a wall can be expected to give rise to a
recirculating region bounded by the obstacle, the wall, and a
dividing streamline.

We use plane polar coordinates (y,8) with origin at 0 (Fig.
1). Introducing the stream function ¥ (v,0), the velocity
components along the radial and tangential directions are

id

Y
dy

T e

Vg =

1

In the steady flow, the stream function y satisfies the Stokes
equation V “y =0, which admits of separable solution of the
form ¢ ~vMf, (6). As pointed out by Moffatt, sufficiently
near the intersection of the wall and the dividing streamline
inertial terms in the Navier-Stokes equations can be neglected,
and the flow is represented adequately by the Stokes equation,
provided that Re(\) >0. The solutions of v ‘Y =0 in regions
1 and 2 are given by

Y =7"[A,;cosNd + B,sin\Nd + C,cos(A—2) 8

+Dsin(A—=2)0], 0<0=6, Q)

Y=y A,cosN + B,sin\ + C,cos(A—2)0

+D,sin(\=2)0], f,<6=<m 3)

respectively, provided that A#=2. The case A=2 will not be
relevant to the present problem, as will be shown later. It
follows from Eqgs. (1) that the velocity components are
proportional to y*~*, and, since velocity must vanish as vy —0,
we must have Re(N\) > 1.

The boundary conditions are

v (0=0)=vy (0=0)=0 “4)
v (0=m)=py(0=7)=0 ()
vy (0=04) =vy,(0=05) =0 (6)

(89,1790 g, = (37,2/30) s, (7
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where the subscripts 1 and 2 refer to regions 1 and 2,
respectively. The conditions (4-6) are self-explanatory,
whereas conditions (7) and (8) express the continuity of the
tangential and the normal stress on the dividing streamline

. 6=0,. It may be noted that the normal stress condition on

6=0, used by Schubert is erroneous [cf. Eq. (11) of his
paper].

Boundary conditions (4-8), when applied to Egs. (2) and
(3), yield the following set of homogeneous equations for the
arbitrary constants 4;, B;, C;, and D; (i=1,2):

BA+D,(A=2)=0 (9)
A,+C,=0 (10)

— A NSInAT + B,AcosAT — (A—2) Cosin(A=2) 7

+D,(A—=2)cos(A=2)7=0 | (11

Ascoshm + B,sinhm + Crcos(A=2) m+ Dysin(A—2) m =0

(12)

A coshi,+ B sinNdy+ C cos(A—2)8,+ D;sin(A—2)0,=0

(13)

Ajzcoshy + B,sinNd + C,cos(A—2) 8, + D,sin(A—2)8,=0
(14)
N2 A cosh0y +A2B;sinNd, + (A—2)2C,cos(A—2)0,
+D, (N=2)2sin(A—2)8, — N2 A,cosNd, — N2 B,sinhd,

—(A=2)°C,c0os(A—2)0y— (A—2)2D,sin(A—2)0,=0 (15)

A Nsinh8, — B hcoshdy + (A +2)C;sin(A—-2) 0,
—(\+2)D,cos(A—2)0,~ A,AsinAd, + B,AcosNd,

~(A+2)Cysin(A=2)0, + (A+2)D,cos(A—2)0,=0 (16)

While deriving Eq. (16) from Eq. (8), the momentum
equations (with inertial terms neglected) have been used to
eliminate the pressure term. Since eddying motions are not
considered, A is assumed to be real in the present analysis. The
eigenvalue relation connecting A and 6, is obtained by setting
the 8 X 8 coefficient determinant of Egs. (9-16) equal to zero.
After a lengthy calculation, it is found that

{ —=N2+cos[2(A—1)0,]+ (N —1)cos20,}
X {(AN=1)7?sin20, + (I —=N)sin[2(A—1) (0,—m)1)
+ ((I=N)sin2(A=1)8,1+ (A —1)*sin20, }

X [N = (N2 —1)c0s20,—cos[2(A—1) (B,— )]} =0 (17)
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Fig. 2 The eigenvalues A vs 6,. The scale for the curve I is one
unit =0.1 deg and for the curve Hl is one unit = 1 deg.

Since Re(\) >1 and A#2 and the shear stress vanishes at 0, in
what follows we confine ourselves to all real values of A>2. It
can be seen easily that, for any integer value of A=3, Eq. (17)
is satisfied identically by any value of #,. In fact, Batchelor’s
solution corresponds to A =3. Our analysis, however, reveals
that it also is possible to have a dividing streamline with
arbitrary 6, for any integer value of A> 3. Furthermore, when
A>2 and is not an integer, 8, is determined by solving Eq. (17)
numerically. For a given value of \, Eq. (17) is a tran-
scendental equation in 6, which admits of infinite number of
roots. The two curves in Fig. 2 correspond to values of \ for
the first two positive roots. It can be seen that, as A increases,
6, decreases. We thus find that an infinite number of
solutions is possible for flow near a dividing streamline. The
uniqueness of the solution is perhaps achieved by considering
the circumstances outside the region in which each of the
preceding solutions is valid.

We have seen from Eq. (17) that any integer value of A>3 is

an cigenvalue regardless of the value of 6,. It is of interest to

see what happens when A =2. Schubert investigated this case
also and arrived at the erroneous conclusion that A=2 is an
eigenvalue when 8, =7/4. We now show that A=2 does not
correspond to a solution with a dividing streamline. In this
case, the solutions of ¥ iy =01in the two regions are

Yi=v2(A,c0s20+ B;sin20+ C,0+D,) (i=1,2)  (18)

When Eq. (18) is used in the boundary conditions (4-8) and
the constants A;, B;, C;, and D, (i=1,2) are eliminated, the
following equation is obtained:

(1 —cos28,) (2 logy-cos20,— 1 +cos26,) =0 (19)

which can hold only when cos26,=1, leading to 6,=nm,
n=0, 1, 2,.... Thus when A=2 no solution with a dividing
streamline is possible, contrary to the conclusion of Schubert.
This result also could have been expected from physical
considerations, since, when ¥ ~v2f,(8), the expression for
the shear stress becomes independent of v and hence cannot
vanish at the point 0 (Fig. 1), which contradicts the fact that 0
is a point of zero skin friction.
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Simplified Formulas for Lift
and Moment in Unsteady Thin
Airfoil Theory

Nelson H. Kemp*
Physical Sciences Inc., Woburn, Mass.

ECENTLY, Williams® presented results for the pressure

distribution, lift, and moment of an arbitrary oscillatory
motion in subsonic thin airfoil theory. He showed that they
could all be obtained from a knowledge of the loading
distributions for plunging (heaving) motion and pitching
about the leading edge. He expressed his results in a coor-
dinate system originating at the leading edge, and found the
lift to depend only on the plunging loading, while the moment
depends on both the plunging and pitching loading.

The purpose of this Note is to point out that the formula for
the moment takes a remarkably simple form when refor-
mulated in a coordinate system originating at the airfoil
center, with pitching taken about that center. The moment
then depends only on the loading distribution for pitching,
just as the lift depends only on the loading distribution for
plunging.

Williams uses a set of dimensionless variables in which
length is measured in chord lengths ¢, velocities in stream
speed U, time in units of ¢/ U, loading Pin units of pU?, lift in
units of pU?c, and moment in units of pU?c¢?. The dimen-
sionless (reduced) frequency k& is related to the frequency » by
k=vc/U. He denotes by P, the loading induced by the
plunging downwash ik, and by P, the loading induced by the
pitching downwash (about the leading edge) 1+ ikx. In those
terms, he finds the lift for an arbitrdary downwash w(x) to be
his Eq. (18):

L—Slw(l—x)P (x) dx 1)
"o ik

The moment about the leading edge (nose down) is given by
his Eq. (19):

/
M:_S w([—x)[(1+ik)Ph(X)—-ikPm (x)]%); @

0
In computing the acrodynamic loads on oscillating airfoils,

it is often convenient to use a coordinate system originating at

the airfoil center, normalized by the half-chord. If this

variable is called x, it is related to x by

X=2x—1 —I<x<l 3)

Any function of x can be expressed as a function of x by
SO =f(F+1) /2= (%) =f(2x—1) (4a)

fU=x)=f(2=2x=1)=f(1-2x) =f(—%) (4b)

We now define P as the loading induced by unit plunging
downwashy, so that

PO (x)=PO (%) =P, (x)/ik &)
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